We consider the risk minimization problem, with capital at risk as the coherent measure, under the Black-Scholes setting. The problem is studied, when there exists additional correlation constraint between the desired portfolio and another financial index, and the closed form solution for the optimal portfolio is obtained. We also mention to variance reduction and getting better diversified portfolio as the applications of correlation condition in this paper.
Introduction
There is a common sense among financial investors to maximize the return while satisfying some risk constraint. Mean-variance techniques to address this problem have been developed by Markowitz [1] . One of the crucial concerns in portfolio selection is decreasing the investment downside risk, which can be quantified through various measures like Value at Risk (VaR). However, as demonstrated by Emmer in [2] , the use of merely variance based measures leads to a decreasing proportion of risky assets in a portfolio, when the planning horizon increases. Dmitrasinovic [3] has also shown the counterintuitive behaviour in VaR constrained optimized portfolios, due to an increase in investment time horizon T. Hence, capital at risk (CaR) could be exploited as a suitable alternative to variance in portfolio selection problems, which is commonly defined as the difference between mean return of risk free investment and the α low quantile (usually 5% or 1% quantile) of the portfolio return distribution.
Aforementioned notions in portfolio selection and risk management result in a great deal of literature that has been published yet. For instance, the notion of value at risk, as the α quantile subtracted from the mean of portfolio return has been thoroughly investigated in [4, 5] , which turns out to suffer from being non-convex measure. However, there exists another represention of VaR (see [6] ) merely as the negative α quantile, i.e VaR = −q α , which only differs from CaR through a constant. Some other risk measures such as average value at risk (AVaR) and limited expected loss (LEL) were introduced to address the deficiencies in VaR. Analytical formulas for these types of measures, as well as risk constrained portfolio optimization in continuous time framework are provided in [7] . Portfolio selection under bounded capital at risk is well explored in [2] . In a Black-Scholes setting with constant coefficient, they obtained a closed form solution for the optimal portfolio with maximum mean return, which has a bounded CaR. Their work has been extended to continuous time scenario with additional no-short-selling constraint in [8] . Bernard [9] has studied the mean variance optimal portfolio in the presence of a stochastic benchmark correlated to the market, and discussed how her method could be used to detect fraud in financial reports, for instance under some conditions one could not claim of a positive Sharpe ratio, while having a negative correlation with market index. Our paper's contribution is to provide explicit closed form results for the CaR minimizing portfolio in Black-Scholes setting, which is subjected to satisfy a correlation constraint with an arbitrary stochastic geometric brownian motion (GBM). This benchmark process could be any financial index, which is driven by the available risky asset in the market, but particularly we are interested in the inverse of Radon-Nikodym derivative process as the market index. Maintaining negative correlation with this index, will let us to better control the risky investment during the market crash, that is when the market index is declining, the negative correlation could rescue our portfolio from falling down. We considered CaR as the interested risk measure, because apart from all above mentioned points, it has a convex structure, that allows us to attain unique optimal portfolio analytically.
The rest of the paper is organized as follows: in section 2 we introduce our specific notion of CaR, which relies on Log values, and then briefly reiterate the minimization problem of capital at risk in [2] . Section 3 is devoted to the problem of CaR minimization under correlation constraint, which studies how convex optimization methods yield the optimal portfolio. The particular market index is introduced and worked out in section 4, which is followed by some numerical examples, that explain how our specific choice of benchmark process could control the risk and reduce the variance of wealth terminal value. Finally, the paper is concluded in section 5.
CaR Minimization
CaR minimization is first explored in [2] , in which they found a closed form solution for the portfolio with maximum expected return under bounded CaR constraint in the Black-Scholes setting. Throughout this paper we restrict ourselves to geometric brownian motion model as the describing equation for the stochastic dynamic of stock prices, and the portfolio is aggregated by investing constant proportions on each risky asset as well as the pure bond option. There are d risky assets, driven by d-dimensional brownian motion:
and [σ ij ] is the square volatility matrix, which we assume is invertible. r is the risk free interest rate, and b = (b 1 , . . . , b d ) is the vector of excess return rate of each risky asset, which we may assume for simplicity has positive elements. Let π = (π 1 , . . . , π d ) ∈ R be the portfolio vector of the investor, where π i indicates the fraction of total initial wealth X(0) invested in stock i, and π 0 = 1 − 1 π would be the fraction of wealth invested in the risk free bond. We draw our attention on constant proportions, which are time invariant, because the examination of the time varying case is not going to be much different from that. As mentioned by [2] , constant π does not mean there is no trade, though it means the fraction of wealth invested in each asset remains constant, not the number of shares. Since the price of risky assets change over time, we need to rebalance the portfolio continuously to keep the portion invested in each asset constant over time. Then one can write the stochastic dynamic equation of the wealth process as:
Then there is an explicit solution for the terminal wealth X(T ), and consequently its mean, variance, and variance of log X(T ) can be computed as:
In our work we take the Log value of wealth process as quantity of interest, since we don't want to lose the tractability of the calculations, as well as it doesn't hurt the financial interpretations of the results at all. So we would better to state what we mean by capital at risk of the Log process.
Definition 2.1 (Capital-at-risk). The wealth process starts at the initial point X(0) = x, for the given terminal time of T and z α , which is the α-quantile of the standard gaussian distribution, CaR is defined to be the difference of Log value of the risk less return and the α-quantile of the Log value of wealth process at time T for a fixed portfolio vector π:
Remark 2.2. We always assume that α < 0.5, which means z α < 0. Moreover, the definition of CaR will allow the possibility of having negative capital at risk, but this doesn't turn out to be a problematic issue, since the type of risk measure introduced, is basically dealing with Log value of the wealth process.
Now we can state the proposition of this section which has already shown to be true in [2] . The idea of minimization problem lies on a two phase procedure, first finding the optimal portfolio vector on the boundary of ellipses, i.e σ π = ε, and then find the optimal ellipse parameter, namely ε. Proposition 2.3. The minimum of the CaR defined in 2.1 is attained at π * , and the minimal value is CaR(π * , α, T ), such that:
where () + is an indication for the positive part of the variable.
Proposition 2.3 proof sketch. Let's restrict the optimization domain of the minimization problem to an ellipse boundary, σ π = ε, and find the optimal portfolio vector on this set. Therefore the objective function becomes like:
and basically we have to maximize the linear term b π over the boundary of the ellipsoid, in order to get the minimal CaR value on this set.
where the maximum is attained where we have:
and one can derive the optimal value for ε by substituting the above vector back into (2.6), which yields to minimizing the following function over positive ε's:
and the above function accepts nonpositive minimum if and only if the multiplier of ε term is positive, otherwise it has zero optimal value, which is attained at ε = 0, therefore the minimizer is of the form:
which results to the equations (2.4) and (2.5).
Since we have found the optimal portfolio, clearly the variance of wealth logarithm follows immediately, which shows how trustful this portfolio is, as a criterion of the reliability of the manager's investment decision.
In this section the focus is on minimizing the CaR as a type of risk measure subjected to a correlation constraint. Namely, we want to find the optimal portfolio which minimizes the CaR, as well as satisfying a correlation constraint with another target portfolio, which we call it by Y (t). Hence, the problem is to find what would happen if another index driven by the same risky assets exists, and we want to decide on our portfolio vector, so as to not pass a maximum correlation level with the target index. Assume the target portfolio dynamics is given by:
We assume that the target portfolio has positive excess return over risk-free rate, i.e b η > 0, and we would like the correlation between the Log values of X(T ) and Y (T ) not to exceed a negative level, and the investor has to trade continuously to keep its correlation with the financial index below a negative threshold. This condition can be expressed as:
The Y process can be any financial index or portfolio process which is driven by the same stocks and bond, but possibly with different investment fractions from the main portfolio. The correlation between terminal Log values of the processes can be readily found to be:
The risk minimization problem under correlation constraint is formulated through:
which is equivalent to:
Due to the explicit formulation of the problem and representing the Log of wealth process as the parameter of interest, the solution can be found analytically with convex optimization methods. Next theorem is presented as a solution to the problem (3.5).
Theorem 3.1. The optimal portfolio which solves (3.5) would be :
where the parameter λ * is found to be:
and the corresponding terminal value of capital at risk under correlation constraint is attained at:
Proof of Theorem 3.1. The objective function is actually a convex one because of the assumption made about the negativity of z α , also the constraint induces a convex region over R d , because it is of a convex function being less than zero. Therefore, one can apply the Lagrange method to this problem and expect to have zero gap between the primal and dual optimal values, which lets us to apply KKT equations for getting the optimal point. The book by S. Boyd [10] provides a comprehensive discussion and proofs for these notions. So let us begin by constructing the Lagrange function and getting its derivative:
Equations (3.10) and (3.11) together express the KKT conditions, former one is the usual condition of having zero gradient at optimal point and the later is called complementary slackness condition, which has to be satisfied for the optimal dual variable, λ * . As a result of (3.10) the optimal portfolio needs to follow:
and by substituting it in (3.11), assuming λ * > 0, we will get:
after some neat calculations on the above form, the following quadratic equation is emerged:
which is led to two distinct solutions, where only one of them is acceptable, the other one is not an admissible solution for (3.13):
Assuming positive mean return for the target portfolio, i.e b η > 0, the case wherein λ * = 0 will never happen, because otherwise from condition (3.11) we need δ σ η 2 σ −1 b 2 + b η ≤ 0, which is not going to be satisfied at all. Therefore the optimal dual variable is always positive, meaning that the correlation inequality constraint binds to zero at optimal point. σ π * can be computed directly from equation (3.12), by postulating it as a nonnegative quantity we will get:
where equation (3.17) is derived after simplification by (3.13), and (3.18) is resulted after substitution of optimal dual variable from (3.15) into (3.17). Now we are in a position to give an explicit representation for optimal portfolio, π * : to explore the optimal terminal CaR of the determined portfolio, we are going to apply a neat technique by multiplying both sides of (3.10) with π * :
thus we conclude with:
Appearance of the target portfolio with negative coefficient in π * is an indication of what we sought in the first place, negative correlation between investor's portfolio and target portfolio. In addition, the optimal portfolio displays the two fund separation structure, first one being similar to the solution (2.4), and second one which comes out from the negative correlation constraint as a term consisting target portfolio. In the next section we study the special case, where the pricing kernel process is considered as the benchmark portfolio, which let us a rescue during the market collapse. Remark 3.2. As it is argued in the proof of the theorem, the inequality correlation constraint always binds (because λ * > 0, and this means the optimal portfolio minimizing the capital at risk, pushes itself all the way to have the correlation with target portfolio exactly equal to −δ.
Pricing Kernel Inverse as the Benchmark Portfolio
In this section we regroup the assets into two parts, the mutual funds which are accessible to both the investor's portfolio and the benchmark portfolio, and the extra risky funds which are deemed as the particular assets only available to the portfolio manager. In other words, the market portfolio is not constructed based on these particular assets. Therefore, we may represent the brownian motion vector as W (t) = (W 1 (t) W 2 (t) ) , such that the first component is m dimensional, and together with the second component they form a d dimensional brownian motion vector with independent elements. Also, without any loss of generality we can represent the volatility matrix and its inverse as:
such that σ 11 and σ 22 are square m and d − m matrices, respectively, and no need to mention σ 21 and 0 would be a (d − m × m) and (m × d − m) zero matrices, respectively. From this type of asset representation, it's inferred that the first set of stocks are only driven by W 1 (t) and the second set is driven by both components of brownian motion. Following the setting in the previous section the manager's portfolio is expressed as:
with π = π 1 π 2 as the portfolio vector, and b = b 1 b 2 would be the excess return vector of the first and second sets of stocks respectively.
We propose to exploit the pricing kernel inverse as the target portfolio, which is the inverse of Radon-Nikodym derivative, Z(t). The key point here is that, we emphasize on constructing the market portfolio only with first set of stocks, which is driven by W 1 (t). Therefore the evolution of Z(t) as the change of measure process follows a GBM dynamic with parameter θ = σ −1 11 b 1 , which is the market price of risk of the mutual assets:
by letting Y (t) = Z(t) −1 to get the benchmark portfolio, and applying the Ito formula, one can find the stochastic dynamic of Y (t):
This suggests that we can define η = ((σ 11 σ 11 ) −1 b 1 ) 0 as the associated portfolio vector for the benchmark process.
Proposition 4.1. The optimal portfolio which minimizes the capital at risk, and satisfies the correlation constraint with the prescribed benchmark process, follows the from:
where λ * is computed from:
Moreover, the terminal value of the wealth logarithm's variance would be:
Proof of Proposition 4.1. Proof is immediate, when we assign the variables of theorem 3.1 with the introduced parameters in this section. Given the volatility matrix and its inverse in (4.1), as well as the prescribed portfolio vector for the benchmark process, one can readily find:
by plugging these relations into the derivations for π * and λ * in theorem 3.1, the equations (4.5) and (4.6) are resulted. Also the terminal variance of the wealth logarithm would be Var(log X π * (T )) = T σ π * 2 , which together with (3.18) lead to (4.7).
As a result of this proposition, we can now explore the impact of correlation constraint on variance reduction. In the following proposition, this reduction is proved. To distinguish between the optimal portfolios found in proposition 2.3 and theorem 3.1, from now on all the optimal variables for the problem with correlation constraint are going to be shown by subscript "c", like π * c . Proposition 4.2. In the defined setting for the volatility matrix in (4.1), the optimal portfolio satisfying the correlation constraint has lower variance of log return in comparison to unconstrained portfolio, in other word we have: 11 b 1 by θ 1 , therefore two variance formulas can be expressed as:
one could readily show that for δ ∈ [0, 1], the following relation always holds for all values of θ 1 and θ 2 :
therefore the claim of the proposition in equation (4.11) is immediately concluded from above relation.
Diversification and Risk Control over Market Downfalls
As an application of the correlation constraint, we would like to point out to the diversification during the period of market collapse, and the lower variance of this method in comparison with the original risk minimization problem without correlation constraint.
To be able to track the downfalls in the market, we assume that common assets, are only derived by a single brownian motion, namely W 1 is an one dimensional brownian motion, and so forth the dimension of σ 11 . Then by letting large enough values for σ 11 , we can replicate the situations of market collapse, and the limiting variance of the investment strategies could be compared, which is a measure of the robustness of the portfolio returns. So let's consider the asymptotic variances of log X π * (T ) and log X π * c (T ), from equations (2.11) and (4.7):
As it appears, one could argue the lower asymptotic variance of the constrained portfolio during the market downfalls, as an advantage over pure risk minimization without the correlation constraint. In fact, maintaining a negative correlation with the pricing kernel inverse will rescue us when market collapses and consequently the volatility of the market asset blows up. Lower variance indicates a more diversified portfolio, which is a desirable feature for every portfolio optimization method. With some straightforward computations the asymptotic portfolios, when σ 11 → ∞, can also be found from equations (2.4) and (4.5):
Numerical Examples
Some numerical examples regarding the application of pricing kernel inverse as a benchmark portfolio are given in this section. We mainly explore the data given in the examples of [8] . Therefore, we restrict the numerical results to three stocks, and make the assumption that the pricing kernel portfolio selects only the first one to invest on. For all proceeding examples, we consider the stock returns have the constant standard deviations as below:
Example 4.3. Throughout this example we explore the effect of market asset volatility on the variance of the log return. Basically, we may start off with the correlation matrix of stocks, and find its corresponding volatility matrix in form of (4.1) by Cholesky decomposition, then by increasing σ 11 we will track the behaviour of log return variance. Two sets of correlation matrices and and excess mean returns of stocks are given in [8] , like follows: In Fig. 1 , the plots of log return variance for these two sets of data are presented, wherein both the the associated graphs for the constrained problem are depicted for three different values of δ, and the highest curves in each plot are corresponded to unconstrained optimal portfolio. All the graphs are plotted for the fixed values of T = 5 and α = 0.05, although it does't matter to assume any other values as well. It's worth to look at the effect of δ on the variance; higher values of δ indicating stricter correlation constraint, lead to lower variance, such that for δ = 0.9 in Fig. 1a there exists zero variance, which means pure risk free investment. Moreover, as a result of correlation constraint we can observe lower variances for the log return compared to the unconstrained case in both figures.
Example 4.4. In this example, we illustriate how the fraction of investment on risk less asset, i.e π 0 , is changing as a response to an increase in market volatility σ 11 . Again, the results are presented for both sets of data in (4.18) and (4.19), same standard deviations stated right before previous example, as well as same values of T and α. Since we didn't assume any restriction on borrowing from bank, short selling is allowed for portfolio manager, and that's the reason of having negative values in some regions for optimal proportion of risk less investment in both plots in Fig. 2 . As it's depicted by both graphs, the bigger δ we choose, the higher fraction of investment on bond appears on optimal portfolios, such in Fig. 2a for δ = 0.9 there is no investment on stocks and all portfolio is allocated for risk less asset, which is why the log return has zero variance in this case. One could also observe the pattern of investing more on risk less asset in Fig. 2a as a consequence of increase in market volatility, regardless of δ. This observation does not occur in Fig. 2b , because of the structure of stock correlation matrix it has.
Example 4.5. In two previous examples, it is illustrated that by increasing δ, we can reduce the risk and actually get a better diversified portfolio. In this example we want to investigate this effect more precisely. Fig. 3 shows the percentage of variance reduction from unconstrained log return due to the considering correlation constraint. Both graphs represent the fact that by increasing δ, equivalently tightening the correlation constraint, the reduction in variance increases. The dotted line draws the 50% variance reduction, which intercepts the curves at higher values of δ, as we consider more volatile cases in the second sets of date. This observation emphasizes on considering stricter correlation correlation for 50% variance reduction in more volatile markets.
Conclusion
In the Black-Scholes setting with constant parameters, the optimal portfolio which minimizes the capital at risk, and achieves a negative prescribed correlation with the given financial index is analytically derived. Moreover, it's shown that under the special choice of benchmark process, the terminal variance of Log return is lower comparing to the unconstrained portfolio. We have shown how the correlation parameter could be able to reduce the variance and increase the risk-free investment during market downfalls. It's imperative to note that, as soon as we move away from our reliance on Log values instead of the actual ones, and the simple Black-Scholes structure, finding explicit results becomes less tractable.
